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Abstract
We investigate the stability of stationary integral solutions of an ideal irrotational fluid in a general static
and spherically symmetric background, by studying the profile of the perturbation of the mass accretion rate.
We consider low angular momentum axisymmetric accretion flows for three different accretion disk models
and consider time dependent and radial linear perturbation of the mass accretion rate. First we show that
the propagation of such perturbation can be determined by an effective 2 × 2 matrix, which has qualitatively
similar acoustic causal properties as one obtains via the perturbation of the velocity potential. Next, using
this matrix we analytically address the stability issues, for both standing and travelling wave configurations
generated by the perturbation. Finally, based on this general formalism we briefly discuss the explicit example
of the Schwarzschild spacetime and compare our results of stability with the existing literature, which instead
address this problem via the perturbation of the velocity potential.
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1. Introduction
To obtain reliable spectral signatures of astrophysical black holes using a set of stationary transonic accretion
solutions, it is necessary to ensure that such integral solutions are stable under perturbation [32], at least for an
astrophysically relevant time scale. In [4], such stability was argued via demonstrating the natural emergence
of the acoustic analogue geometry through perturbation of the mass accretion rate for radial Bondi flows with
spherical symmetry [44, 11]. Here we wish to extend this perturbation scheme to accommodate low angular
momentum axisymmetric flows, assuming the fluid to be inviscid, irrotational and non self-gravitating, with
three different disk models the axisymmetric accretion flow can have. Some preliminary results in this direction
can be seen in [5].
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On the analytical front, stationary flow solutions for the low angular momentum inviscid accretion has
extensively been studied in the literature, see, e.g. [33]-[17] and references therein. Numerical works have also
been reported for such flow configurations in [58]-[53] and references therein.
In this context it should be emphasized that the concept of low angular momentum advective flow (where
the inviscid assumption is justified) is not a theoretical abstraction. Sub-Keplerian flows are observed in nature.
Such flow configurations may be observed for detached binary systems fed by accretion from OB stellar winds [27,
34], semi-detached low-mass non-magnetic binaries [9], and supermassive black holes fed by accretion from slowly
rotating central stellar clusters [28, 25] (see also the references therein). Even for a standard Keplerian accretion
disc, turbulence may produce such low angular momentum flow, see, e.g. [26] and references therein. Moreover,
given a background spacetime, it is natural to expect a critical value of the specific angular momentum of the
flow, below which there would not be any Keplerian orbits.
In addition to the analysis of the stationary transonic solutions, the stability properties of such flow has also
been performed in various works, see, e.g. [45]-[12] and references therein.
In the present work, we study the linear perturbation of the stationary transonic black hole accretion solutions
through its connection to the emergence of the sonic geometry embedded within spacetime characterizing the
background stationary flow (see [45, 62, 7], and references therein, for detailed discussion about analogue gravity
phenomena).
The emergent analogue acoustic geometry in accretion astrophysics via perturbation of the potential of
irrotational velocity flow and related stability issues was first studied extensively in [45], for spherical accretion.
To the best of our knowledge, as of now the acoustic geometry associated with usual analogue gravity models
has been obtained by perturbing the corresponding velocity potential of the background fluid flow. Instead, in
the present work we discuss the sonic causal structure by perturbing the mass accretion rate associated with the
infalling matter. The motivation behind this is obvious – the mass accretion rate is an astrophysically relevant
and measurable quantity, and hence it is interesting to determine its profile perturbatively. Moreover, mass
accretion rate is associated with both the density field and velocity field, which provide the full description
of the flow. Therefore, perturbing the mass accretion rate leads to a wave equation that can shed light on
stability of both the fields. In [4], such connection was demonstrated for spherical accretion, generalizing the
non-relativistic results of [51]. In this work, we wish to extend these earlier results for axisymmetric matter flow
with nontrivial disk structures in general static and spherically symmetric spacetimes.
However, there is a crucial difference between the acoustic geometry we derive here with the same obtained
via the perturbation of the velocity potential. We shall ignore any non-axisymmetric features of the perturbation
corresponding to the mass accretion rate, and assume that the accretion rate is a function of the radial and
the time coordinates only. Accordingly, the internal geometry through which the perturbation propagates has
dimension two, instead of three or four. Nevertheless, we will see that the qualitative features regarding the
causal structures of these two acoustic geometries remain the same, even though the mass accretion rate and
the velocity potential are two very distinct quantities. To the best of our knowledge, such connection has not
been reported in the existing literature.
For axisymmetric accretion, infalling matter can have three different geometric configurations – the conical,
the constant height and the vertical equilibrium (at least for thin acrretion disks) models (see, e.g. [50] and
references therein). In subsequent sections we shall derive the general relativistic acoustic geometry through
which the linear perturbation (corresponding to the mass accretion rate) propagates, for all these three models.
We then briefly address the stability properties of the axisymmetric matter flows and reestablish the chief
qualitative features reported earlier using different methods [45], for spherical accretion.
We shall use mostly positive signature for the metric and will set c = 1 = G hereafter. We outlined the
paper in the following manner. In section 2 we briefly discuss the preliminaries and the equations describing
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the relativistic axisymmetric fluid flow in static and spherically symmetric spacetime for all the three disk
models considered. In section 3, we first discuss the stationary solutions of the flow and derive the critical point
condition. Following this we perform the linear mass accretion rate perturbation and derive the effective 2× 2
matrix through which the perturbation propagates. Using this in section 4, we address the stability issues by
deriving the profile of the perturbation of the mass accretion rate. In section 5, we summarize our work with
an outlook.
2. The basic constructions
We shall briefly mention here the basic ingredients and assumptions necessary for our calculations. Let us start
with the metric for a general static and spherically symmetric spacetime
ds2 = −gtt(r)dt2 + grr(r)dr2 + r2dΩ2, (1)
where dΩ2 is the line element of a unit 2-sphere.
Let us take an ideal and inviscid fluid with the energy-momentum tensor,
Tµν = (ǫ+ p) vµvν + pgµν , (2)
where ǫ and p are respectively the mass-energy density and pressure, vµ is the fluid’s four velocity normalized
as vµvµ = −1.
We shall consider axisymmetric radial flow on the equatorial plane, hence vθ = 0. The normalization
condition thus provides
vt =
√
1 + grrv2 + gφφ(vφ)2
gtt
, (3)
where we have written vr ≡ v. We assume that the fluid obeys the adiabatic equation of state p = kργ , where
γ is adiabatic index and ρ is the fluid density. The specific enthalpy h of the fluid is given by h = ǫ+pρ , so that
dh = Td
(
S
ρ
)
+
dp
ρ
, (4)
where T and S are the temperature and entropy of the fluid respectively. Under isoentropic conditions, we can
define the speed of the sound, cs to be
c2s =
∂p
∂ǫ
∣∣∣∣∣
dS=0
. (5)
Since the flow is axisymmetric, the equation of continuity, ∇µ (ρvµ) = 0 provides
∂t
(
ρvt
√−gHθ
)
+ ∂r
(
ρv
√−gHθ
)
= 0, (6)
where we have used vθ = 0 and Hθ is a function of the local flow thickness, which depends upon the model of the
accretion we are choosing (see e.g. [50] and references therein for details). In other words, Hθ is an appropriate
weight function required to define the flux of mass falling onto the accretor, implicitly providing the detailed
structure of the accretion along a direction normal to the equatorial plane (θ = π/2). Thus the weight function
appears as the consequence of the averaging over θ = π/2, and hence use of such function effectively permits
us to construct the differential equations governing the flow profile on the equatorial plane by considering the
stratification (through averaging) due to the non-equatorial distribution of any thermodynamic flow variable.
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For example, if the accretion flow makes a cone or a sphere (with the accretor at the centre), which subtends
a constant solid angle at the origin for all radial values, Hθ will be a constant. For radial flow from all directions,
this factor will clearly be unity, and less than unity otherwise. Likewise, for flow with constant thickness, we
may have Hθ =
H
r , where H is a constant. This ensures that the solid angle subtended by the edges of the flow
lines will decrease with radial distance. The most nontrivial flow geometry is the flow in hydrostatic equilibrium
along the vertical direction, for which Hθ is a function of r as well as of certain flow variables, except the radial
velocity. It is also assumed that Hθ is not an explicit function of time. It is thus obvious that flow with constant
height and the conical flow can be obtained from vertical equilibrium configuration imposing certain limiting
conditions. We shall consider all these three disk models unitedly in our analysis below.
We also note that the weight function can also effectively be understood by replacing dΩ2 in the metric by
HθdΩ
2, so that when one integrates the continuity equation, the factor Hθ in the integrand takes care of the
geometric configuration of the off-equatorial infalling matter.
The conservation equation for the energy-momentum tensor, ∇µT µν = 0 along with the continuity equation
and using certain thermodynamic relations, provides
vν∂νv
µ + vνvλΓµνλ +
c2s
ρ
(vµvν + gµν) ∂νρ = 0. (7)
For µ = t, r, φ, we obtain the conservation equations for the energy, the radial and the orbital angular momenta
respectively.
vt∂tv
t +
c2s
ρ
(
(vt)2 − gtt) ∂tρ+ v∂rvt + gtt (∂rgtt) vvt + c2s
ρ
vvt∂rρ = 0, (8)
vt∂tv +
c2s
ρ
vvt∂tρ+ v∂rv +
1
2grr
[
(∂rgtt) (v
t)2 + (∂rgrr) v
2 − (∂rgφφ) (vφ)2)
]
+
c2s
ρ
[
v2 + grr
]
∂rρ = 0, (9)
vt∂tv
φ +
c2s
ρ
vφvt∂tρ+ v∂rv
φ + gφφ (∂rgφφ) vv
φ +
c2s
ρ
vvφ∂rρ = 0, (10)
where here and hereafter gφφ will always stand for gφφ(θ = π/2).
We assume that the flow is irrotational, so that
∂µ (hvν)− ∂ν (hvµ) = 0. (11)
Choosing different free indices, we obtain
∂tvr − ∂rvt = c
2
s
ρ
[vt∂rρ− vr∂tρ] ,
∂tv
φ = −v
φc2s
ρ
∂tρ,
∂rv
φ = −v
φc2s
ρ
∂rρ− v
φ∂rgφφ
gφφ
. (12)
Using the normalization and the irrotational conditions, Eq. (9) can be re-phrased as
vt∂tv +
c2s
ρ
vvt∂tρ+
c2s
ρ
(
gtt(v
t)2
grr
)
∂rρ+ ∂r
(
gtt(v
t)2
2grr
)
+
(
gtt(v
t)2
2grr
)
∂r (gttgrr)
gttgrr
= 0. (13)
∂t ≡ 0 corresponds to the stationary state. When we perturb the radial equation, we shall include time
dependence, but will ignore ‘φ’ dependence throughout.
4
We next derive an expression for the derivative of the weight function Hθ. Note that c
2
s , ρ and p are
interrelated by more than one thermodynamic relations. So, without any loss of generality, we may assume
Hθ ≡ Hθ(r, vφ, ρ). The general form of the irrotational condition for vφ is (12)
∂xv
φ = −v
φc2s
ρ
∂xρ− v
φ∂xgφφ
gφφ
. (14)
where, x is either t or r. Using the chain rule for the partial differentiation and Eq. (14), we have
1
Hθ
dHθ
dx
= α+ β
∂xρ
ρ
, (15)
where α =
∂ lnHθ
∂x
− vφ
(
∂ lnHθ
∂vφ
)
∂ ln gφφ
∂x
and β = ρ
∂ lnHθ
∂ρ
− vφc2s
(
∂ lnHθ
∂vφ
)
. Since it has already been
assumed that Hθ has no explicit time dependence, we always have ∂tHθ = 0.
We recall now the general expression for Hθ satisfying the vertical equilibrium condition [3],
− p
ρ
+ ζ(r)H2θ v
2
φ = 0, (16)
where ζ(r) is independent of fluid variables. We substitute from here the expression for Hθ into the expression
for β appearing below Eq. (15), to get
β =
γ − 1
2
+ c2s, (17)
which is always positive, since 43 ≤ γ ≤ 53 [66]. Hereafter, we shall always consider β ≥ 0, where the equality
holds for the conical and the constant height models, since none of them depends upon the flow variables.
3. Propagation of the linear perturbation
3.1. The stationary solutions
We shall first discuss the stationary solutions of the flow equations constructed in the previous section. Inte-
gration of the spatial part of the continuity equation, Eq. (6), provides
ρ0v0
√
−g˜Hθ0 = constant, (18)
where g˜ = −r4gttgrr and the subscript ‘0’ denotes stationary value. We multiply this by the element of solid
angle dΩ = sin2 θdθdφ, and integrate to define the mass accretion rate,
Ωρ0v0
√
−g˜Hθ0 = constant = Ψ0 (say), (19)
It is clear that we can absorb the factor Ω without loss of any generality. Hence we shall call Ψ0 = ρ0v0
√
−g˜Hθ0
to be the mass accretion rate.
Setting the time derivatives in the energy conservation equation, Eq. (8) to zero, we find
hv0t = −E , (20)
where E is a constant along the flow line and is identified as the specific energy. We also note, using Eq.s (12)
and (20), that the specific angular momentum, the parameter λ = −v0φ
v0t
=
l
E is a constant along the flow line
as well.
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Similarly, setting the time derivatives in the radial equation, Eq. (13), to zero, provides
− 2c
2
s0
ρ0
∂rρ0 =
(
grr
gtt(vt0)
2
)
∂r
(
gtt(v
t
0)
2
grr
)
+
∂r(grrgtt)
grrgtt
. (21)
We now transform to a local frame following [23],
vt0 =
√
gφφ
gtt (gφφ − gttλ2)
√
1
1− u20
,
v0 = u0
√
1
grr (1− u20)
,
vφ0 = λ
√
gtt
gφφ (gφφ − gttλ2)
√
1
1− u20
. (22)
Substituting Eq.s (22) into Eq.s (20) and (21), we rewrite the stationary solutions in terms of u0. Then
considering the radial derivative of Eq. (20) and using Eq.s (21), (15), we find
du0
dr
=
u0
(
1− u20
) [{
∂r ln
(
−g˜
grr
)
+ 2α
}
c2s0 − (1 + β)∂r ln
(
gttgφφ
gφφ−λ2gtt
)]
2
[
u20 (1 + β)− c2s0
] . (23)
We note that the above equation has critical points, where both the denominator and the numerator vanish
simultaneously in order for the flow to be transonic. This gives us the condition
u20|c =
c2s0 |c
(1 + βc)
=
∂r ln
(
gttgφφ
gφφ−λ2gtt
)
∂r ln
(
−g˜
grr
)
+ 2αc
, (24)
where the subscript ‘c’ stands for the critical point. For the flow geometries in which the thickness of the flow
depends on the flow variables, β > 0 and the critical point is different from the sonic point. In particular, the
denominator of Eq. (24) shows that the sonic point (u20 = c
2
s0) is reached when u
2
0 (1 + β) − c2s0 = βu20. Since
outside the critical point, u20 (1 + β)− c2s0 < 0, it is clear that the sonic point is always located at smaller value
of the radial coordinate than the critical point.
Once the position of the critical point is known, the corresponding sonic point can be obtained by numerically
integrating the differential equation describing the space gradient of the radial velocity dudr , see e.g. [56] and
references therein for further details.
When we substitute for the metric explicitly into Eq.s (23), (24), we recover the result for the Schwarzschild
spacetime [59].
For a constant height model, β = 0, α = − 1r (Eq. (15)) and for the conical model, since Hθ is constant, we
have β = 0 = α. Also, setting λ = 0 = β, we recover the results for the spherical Bondi flow [11]. Using these
ingredients, in the following we shall derive the time dependent perturbation equations and demonstrate the
natural emergence of of the acoustic causal structure.
3.2. The acoustic causal structure via this alternative approach
Let us begin by considering the linear perturbation scheme
v(r, t) = v0(r) + v
′(r, t), (25)
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vφ(r, t) = vφ0 (r) + v
φ′(r, t), (26)
ρ(r, t) = ρ0(r) + ρ
′(r, t), (27)
vt
′
(r, t) =
grrv0v
′ + gφφv
φ
0 v
φ′
gttvt0
, (28)
where the subscript ‘0’ stands for the stationary state and in the last equation we have used the normalization
of the velocity.
Let us define a variable Ψ = ρv
√
−g˜Hθ which, as one can see from Eq. (19), becomes identical with the
mass accretion rate at its stationary value (apart from a geometric constant Ω). Linear expansion of Ψ(r, t)
provides
Ψ(r, t) = Ψ0(r) + Ψ
′(r, t) = ρ0v0Hθ0
√
−g˜ + (ρ′v0Hθ0 + ρ0v′Hθ0 + ρ0v0H ′θ)
√
−g˜. (29)
Hθ can be a function of the flow variables, except for the radial velocity [50] and hence the perturbation of
certain flow variables induces time dependence on Hθ. From Eq. (15), we can write
d lnH ′θ
dt
= β
∂tρ
′
ρ0
, (30)
where β is a function of all the time independent terms. Substituting for the perturbed quantities Eq.s (25)-(30)
into the continuity equation (6), we get
− ∂rΨ
′
Ψ0
=
1
gttvt0v0
[(
grrv
2
0
) ∂tv′
v0
+
(
gtt(v
t
0)
2(1 + β)− gφφ(vφ0 )2c2s0
) ∂tρ′
ρ0
]
. (31)
Also, taking the time derivative of Eq. (29) and using Eq. (30), we obtain
∂tΨ
′
Ψ0
= (1 + β)
∂tρ
′
ρ0
+
∂tv
′
v0
. (32)
Solving Eq.s (31) and (32), we can express the derivatives of ρ′ and v′ solely in terms of Ψ′,
∂tv
′
v0
=
1
Λ
[
∂tΨ
′
Ψ0
+ gttv0v
t
0(1 + β)
∂rΨ
′
Ψ0
]
, (33)
∂tρ
′
ρ0
= − 1
Λ
[
grrv
2
0
∂tΨ
′
Ψ0
+ gttv0v
t
0
∂rΨ
′
Ψ0
]
, (34)
where
Λ = (1 + β) + (1 + β − c2s0)gφφ(vφ0 )2. (35)
We now substitute for the perturbed quantities into the radial equation, Eq. (13), to get(
grrv0
gttvt0
)
∂tv
′
v0
+
(
grrv0c
2
s0
gttvt0
)
∂tρ
′
ρ0
+ ∂r
(
c2s0ρ
′
ρ0
+
vt
′
vt0
)
= 0. (36)
Taking the time derivative of the above equation and substituting it for the time derivatives of ρ′ and v′ from
Eq.s (33) and (34), we obtain
∂t
[
grrv0
vt0Λ
(
c2s0 + {(1 + β)− c2s0}gtt(vt0)2
gtt
)
∂tΨ
′
]
+ ∂t
[
grrv0
vt0Λ
(
v0v
t
0{(1 + β)− c2s0}
)
∂rΨ
′
]
+
∂r
[
grrv0
vt0Λ
(
v0v
t
0{(1 + β)− c2s0}
)
∂tΨ
′
]
+ ∂r
[
grrv0
vt0Λ
(−c2s0 + {(1 + β)− c2s0}grrv20
grr
)
∂rΨ
′
]
= 0, (37)
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so that we may readily identify a symmetric matrix fµν defining the corresponding spacetime structure through
which the perturbation of the mass accretion rate Ψ′ propagates,
fµν ≡ grrv0c
2
s0
vt0Λ

−gtt +
(
1− 1+βc2s0
)
(vt0)
2 v0v
t
0
(
1− 1+βc2s0
)
v0v
t
0
(
1− 1+βc2s0
)
grr +
(
1− 1+βc2s0
)
v20
 , (38)
and the equation for the perturbed mass accretion rate takes a compact form,
∂µ (f
µν∂νΨ
′) = 0. (39)
Substituting Eq.s (22) into the expression for fµν gives
fµν ≡ ̟

√
grr
gφφgtt
gφφ
(
u20−
1+β
c2s0
)
+λ2gtt(1−u
2
0)√
gφφ−λ2gtt
 u0 (1− 1+βc2s0 )
u0
(
1− 1+βc2s0
) √
gtt(gφφ−λ2gtt)
grrgφφ
(
1− u20(1+β)c2s0
)
 (40)
where ̟ =
u0c
2
s0
(gφφ−λ
2gtt)
(1+β)[gφφ(1−u20)+λ
2gttu20]−λ
2gttc2s0
. The inverse fµν , of f
µν is given by
fµν ≡ 1
u0(1 − u20)
√
gφφ
gφφ − λ2gtt

√
gtt
grr
(
u20(1+β)
c2s0
− 1
)
u0
√
gφφ
gφφ−λ2gtt
(
1− 1+βc2s0
)
u0
√
gφφ
gφφ−λ2gtt
(
1− 1+βc2s0
) √
grr
gtt
gφφ
(
1+β
c2s0
−u20
)
−λ2gtt(1−u
2
0)
gφφ−λ2gtt

 , (41)
we once again recall that gφφ is evaluated on θ = π/2.
In analogy to the Kerr spacetime, we may define the acoustic ergo region as a region in spacetime where the
stationary Killing vector ξ becomes spacelike [8]. The boundary of this ergo region is defined as a hypersurface
called the stationary limit surface on which the magnitude of this killing vector with respect to the acoustic
metric vanishes. This condition is equivalent to
ftt = 0⇒ u20 =
c2s0
(1 + β)
(42)
Recollect from Eq. (24), that the above equation is nothing but the condition for critical point. This indicates
that the propagation of Ψ′ has qualitatively similar acoustic causal structure as the velocity potential [45, 62].1
To see this more clearly, let us compare our result with the existing literature in a bit more details. Firstly,
the part of fµν in Eq. (38) written within the matrix manifestly behaves as a rank 2 tensor, defined on the
‘t − r’ plane. The overall conformal factor
(
=
grrv0c
2
s0
vt
0
Λ
)
is not a tensor, due to appearances of the multiplied
velocity and metric components. Accordingly, the symmetric matrix fµν is not a tensor as a whole, unlike
the one gets for the perturbation of the velocity potential [45, 62]. This mismatch should be attributed to the
fact that the mass accretion rate, being dependent upon the component of the velocity and determinant of the
metric (Eq.s (18), (19)), is manifestly not a scalar quantity, unlike the velocity potential.
The 2-tensorial part of fµν is similar to that one gets via the perturbation of the velocity potential [45, 62,
7, 6], for conical flow of the fluid, β = 0. The chief difference between our result and the velocity potential
1To the best of our knowledge, the existing literature on the velocity potential approach always considers β = 0.
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approach is the fact that our geometry is two dimensional, since we have taken Ψ′ to be independent of the
azimuthal angle φ, while information about the axisymmetric flow being contained in λ, the specific angular
momentum. If we instead worked with the velocity potential Φ, we would have written using the irrotationality
condition that hvµ = ∇µΦ. Since vφ is nonvanishing, we could not have made Φ to be independent of φ, unlike
Ψ′, and accordingly, one obtains a three dimensional acoustic geometry.
If we allow for a φ-dependence for Ψ′, we also expect to obtain a three dimensional geometry. We reserve
this issue for a detailed study in future. In any case, studying only axisymmetric or φ-independent modes for
Ψ′ is nevertheless a reasonable assumption.
Thus, it is clear from the equality of the tensorial parts that fµν bears the essential qualitative features of
the causal structure of the internal acoustics, similar to the velocity potential approach. This is also manifest
from Eq. (41). The non-relativistic limit of (41) can be obtained by letting r →∞, u0, cs0 ≪ 1,
fµν
∣∣
NR
≡ (1 + β)
u0c2s0
 u20 − c
2
s0
1+β −u0
−u0 1
 . (43)
Setting β = 0 above recovers the result of [51, 62].
To summarize, we have shown that the propagation of the φ independent linear perturbation of the mass
accretion rate for axisymmetric flow can be described by a two dimensional matrix, the tensorial part of which
bears similar acoustic causal structure as one gets via the perturbation of the velocity potential. We have
shown this for the three accretion disk models in an equal footing. This generalizes the earlier results of [4]
for the spherical accretion with conical flow, and of [51] derived in the non-relativistic scenario. Since the
velocity potential and the mass accretion rate are apparently two very distinct quantities, both qualitatively
and quantitatively, the demonstration of the association of the later with some acoustic causal structure seems
far from obvious a priori. This is the main result of this work and to the best of our knowledge, this has not
been shown earlier.
From a purely astrophysical perspective, it is important to know how Ψ′ behaves. From Eq. (39) it is clear
that this behaviour is entirely determined by fµν (which is determined by the stationary state quantities) and
the boundary conditions imposed upon Ψ′. Thus in a given scenario, if Ψ′ remains well behaved, we may
conclude about the stability of the accretion process.
To the best of our knowledge, the acoustic geometry by perturbing the velocity potential and related stability
issues were first extensively studied in [45] in the Schwarzschild spacetime for spherical accretion. The stability
of the accretion process was established via constructing bounded energy integrals and by studying the wave
configurations generated by the perturbation of the velocity potential. In the following, as we have mentioned
earlier, we shall instead use the acoustic geometry we have derived for the three disk models to determine the
profile of the perturbation of the mass accretion rate. Precisely, we shall solve Eq. (39) using (38) corresponding
to the possible standing and travelling wave configurations for Ψ′ to see if they are stable. We shall see that
our results on stability are in qualitative agreement with [45] for the spherical/conical accretion disk model,
whereas the vertical equilibrium model could indicate instabilities.
4. Stability issues
The general scheme to study stability of the accretion process is similar to that presented in e.g. [4] and references
therein, which discuss the stability issues for spherically symmetric flows. Here we proceed along the same line
by applying this scheme to axisymmetric flows for all the three disk models we have been concerned with, in
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order to check if we can predict any instability arising due to the nontrivial disk structure. We start by taking
a φ-independent (which we have assumed throughout) trial solution,
Ψ′(r, t) = pω(r) exp(−iωt), (44)
and substitute into Eq. (39) to obtain
ω2pω(r)f
tt + iω
[
∂r
(
pω(r)f
rt
)
+ f tr∂rpω(r)] − [∂r (f rr∂rpω(r))
]
= 0. (45)
where f tt etc are given by Eq. (38). We shall first consider the stability issues for standing waves, which requires
pω(r) to vanish at two different radii, r1 and r2 at all times,
pω(r1) = 0 = pω(r2). (46)
Multiplying Eq. (45) with pω(r) and integrating by parts between these boundaries (r1, r2), we get
ω2 = −
∫
f rr (∂rpω(r))
2∫
f tt (pω(r))
2 . (47)
We shall now use above the expression for fµν appearing in Eq. (38). We recall that in our notation (Eq. (1))
gtt is positive. Then since c
2
s0 < 1 always and we have β ≥ 0, we have f tt < 0 always, and the denominator of
Eq. (47) remains positive. So the nature of ω (i.e. whether real or imaginary) depends on the sign of f rr. It is
easy to show that f rr > 0 outside the critical point.
Usually the standing waves correspond to the subsonic flows [55] and we take the outer boundary r = r2 at
outside of the critical point. Thus if the inner boundary r = r1 is outside the critical point too, we have f
rr > 0
and hence ω has two real roots confirming that the stationary solutions are stable.
However, it is interesting to note from the expression of f rr that (Eq. (38)), if the inner boundary lies inside
the critical point (but outside the sonic point), ω2 can be negative (since f rr < 0 inside the critical point) and
there can be either instability or damping effects, even though the flow is subsonic there (we recall once again
that β ≥ 0). Clearly, this happens only when β 6= 0. For any accretion disk model in which the weight function
Hθ is not a function of the flow variables, we have β = 0, and the critical and sonic points are coincident
then (cf. discussions after Eq. (24)). In that case there will be no such damping or instability effects, because
the inner boundary is located outside the sonic point. This is in qualitative agreement with the result of [45],
derived for spherical accretion in the Schwarzschild spacetime, for the perturbation of the velocity potential.
Let us now come to the traveling waves. We use the trial power series solution similar to the flat space-
time [55],
pω(r) = exp
[
∞∑
n=−1
kn(r)
ωn
]
. (48)
In order to let the wave propagate to large radial distances, it is always necessary to have ω values to be large.
In that case the advantage of making the above ansatz is that, it converges sufficiently rapidly. Thus the above
ansatz is similar to the WKB solutions.
Substituting Eq. (48) into Eq. (45) and setting the coefficients of individual powers of ω to zero gives the
leading coefficients in the power series, the first two of them being
k−1 = i
∫
f tr ±
√
(f tr)2 − f ttf rr
f rr
dr,
k0 = −1
2
ln(
√
(f tr)2 − f ttf rr). (49)
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It can be explicitly checked from the expression of fµν that the corresponding k−1 is purely imaginary. The
leading behaviour for the amplitude of Ψ′ is given by k0,
|Ψ′| ∼
 Λ (1 + grrv20)
grrv20c
2
s0
(
1− λ2gφφ gtt
)

1
4
, (50)
The above amplitude remains bounded and ensures stability of the perturbation if there is no turning point
(v0 = 0). This requires λ to be rather low (non-Keplerian). However, we note that for v0 = 0, the mass
accretion rate is not defined and our analysis is not valid in that case. For calculations for spherical accretion
in the non-relativistic case, we refer our reader to [55]. Also, for analogous expressions for the perturbation of
the velocity potential, see [45].
All the above analysis were performed in the general background spacetime of Eq. (1). Based on this, we
shall now briefly address below the explicit example of the Schwarzschild spacetime.
4.1. The Schwarzschild spacetime
For the Schwarzschild spacetime the metric functions in Eq. (1) are given by
gtt = g
−1
rr = 1−
2M
r
, gθθ =
gφφ
sin2 θ
= r2. (51)
The explicit expression for the symmetric tensor fµν and its inverse fµν for the Schwarzschild background can
be constructed from the general expression (41). Recalling that we are working on θ = π2 , we get
fµν ≡
(
1− λ2r2
(
1− 2Mr
))−1/2
u0(1 − u20)

(
1− 2Mr
) (u20(1+β)
c2s0
− 1
) u0(1− 1+β
c2s0
)
(
1−λ
2
r2
(1− 2Mr )
)1/2
u0
(
1− 1+β
c2s0
)
(
1−λ
2
r2
(1− 2Mr )
)1/2

(
1+β
c2s0
−u20
)
−
λ2
r2
(1− 2Mr )(1−u
2
0)
(1− 2Mr )
(
1−λ
2
r2
(1− 2Mr )
)

 . (52)
The results for the standing wave analysis remain the same as discussed for the general case.
The amplitude of the traveling wave (Eq. (50)) is now given explicitly by
|Ψ′| ∼
[
Λ
(
1− 2Mr + v20
)
v20c
2
s0
(
1− λ2r2
(
1− 2Mr
))] 14 =

(1 + β)
1 +
(
1−
c2s0
1+β
)
λ2(1− 2Mr )
r2(
1−
λ2(1− 2Mr )
r2
)
(1−u20)

c2s0u
2
0
(
1− λ2(1−
2M
r )
r2
)

1
4
, (53)
where in the last equality we have used Eq.s (22) and (35). Eq.s (53) is valid for the vertical equilibrium disk
model, for which β is given by Eq. (17). In order to get the results for the other two models, we have to set
β = 0 in Eq. (53) (cf. discussions at the end of Section 2).
Setting λ = 0 and Λ = 1 in Eq. (53) recovers the result for the spherical flow, derived earlier in [4, 51].
Expressions analogous to (53) was derived in [55] for non-relativistic spherical accretion process.
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It is also interesting to note that the effect of λ or the azimuthal flow is to magnify the amplitude of the wave.
This can be understood as the centrifugal effect associated with the rotational energy of the flow. Although
it seems intuitively obvious, it is nevertheless essential to quantify such statement, as cs0 may depend upon λ.
Numerical analysis seems a suitable to address this issue.
5. Summary and outlook
We have studied the linear perturbation and stability analysis of the mass accretion rate in general static,
spherically symmetric spacetimes for flows with low angular momentum and discussed stability issues. We then
applied the general formalism to the Schwarzschild spacetime. The motivation behind using the mass accretion
rate surely lies in its direct physical relevance and its observational measurability for astrophysical accretion
process [46]. We have discussed different disk geometries for the accretion, which brings in subtle complexities
and rich features not encountered for the radial flow [4].
First, we proved that the perturbation effectively propagates through a symmetric 2-tensor which has acoustic
causal properties qualitatively similar to that of one gets via the well known perturbation of the velocity
potential [8]. This is one of the main findings of the present work and surely, such similarity is not obvious a
priori, owing to the distinct properties, qualitative or quantitative, of these two quantities.
Using this effective internal acoustic geometry, we next addressed the stability issues associated with the
linear perturbation of the mass accretion rate. For conical or constant height model for the accretion disk, we
have reestablished the qualitative features of stability of standing waves derived earlier in [45], using velocity
potential perturbation. For more nontrivial vertical equilibrium model, interestingly, we have seen indication of
damping or instabilities. For the traveling wave part, we have derived formal analytic expression for the WKB
amplitude of the perturbation of the mass accretion rate, and qualitatively argued about its boundedness and
hence stability. In other words, the chief difference of our stability analysis with that of existing literature,
e.g. [45], is twofold. Firstly, we have used the emergent acoustic geometry obtained via the linear perturbation
of the mass accretion rate and not through the velocity potential. Secondly, we have studied the standing and
travelling wave configurations for the perturbation of the mass accretion rate in the most general geometric
configuration of the axisymmetric flow.
Our present work may lead to several interesting tasks. The first is to make this study for the Kerr
background, which will surely bring in qualitatively new effects due to frame dragging, such as distinction
between the pro- and retrograde orbits. Also, it will be highly interesting to make the qualitative or general
existence statements made in the stability part (Section 4), especially regarding the standing wave and the
amplitude of the travelling wave, quantitative. Perhaps this can be tried via numerical analysis. We hope to
address these issues in our forthcoming works.
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